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Abstract. We give a description of all the cuspidal representations of GL4(o2) 
in the sense of [T]. This shows in particular the existence of representations 
which are cuspidal, yet are not strongly cuspidal, that is, do not have orbit 
with irreducible characteristic polynomial mod p. As was shown in [T], this 
phenomenon cannot occur for GL„, when n is prime. 
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Recall the notation of regarding the groups G\, and the definitions of geo- 
metric/infinitesimal induction, and cuspidality. We consider an arbitrary local field 
F with ring of integers o, maximal ideal p, and finite residue field ¥q. Let n = 4 
and k = 2, and put G := = GL4(o2), where 02 = o/p^- If tt is a cuspidal 
representation of G, then by [l]. Proposition 4.4 it is primary, that is, its orbit in 
M4(Fg) consists of matrices whose characteristic polynomial is of the form f{X)", 
where f{X) is an irreducible polynomial. If n = 1, then tt is strongly cuspidal (by 
definition), and such representations were described in [l]. Sect. 5. On the other 
hand, f{X) cannot have degree 1, because then it would be infinitesimally induced 
from G(2,i3), up to 1-dimensional twist (cf. the end of the proof of Theorem 4.3 
in [1]). We are thus reduced to considering representations whose characteristic 
polynomial is a reducible power of a non-linear irreducible polynomial. In the situ- 
ation we are considering, there is only one such possibility, namely the case where 
f{X) is quadratic, and n = 2. Let rj denote an element which generates the ex- 
tension Fg2/Fg. We consider M2{¥g2) as embedded in M4{¥q) via the embedding 
¥q2 ^ M2{Wq), by choosing the basis {I,??} for ¥^2 over ¥q. Rational canonical 
form impHes that in M4(Fg) there are two conjugation orbits with two irreducible 
2x2 blocks, one regular, and one which is not regular (we shall call the latter 
irregular), represented by the following elements, respectively: 



Therefore, any irreducible cuspidal non-strongly cuspidal representation of G has 
exactly one of the elements (3i or P2 in its orbit. 

Denote by Ki the kernel of the reduction map G = 6*24 Git . In the following 
we will let ^ be a fixed non-trivial additive character on with conductor p^. Then 



1. Preliminaries and reductions 
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for each f3 e M4{¥q) we have a character ipfj : Ki C"- defined by 

ibf,{x) = V(Tr(/3(x - 1))). 

The group G acts on its normal subgroup K\ via conjugation, and thus on the set 
of characters of K\ via the "coadjoint action". For any character i/'/s of we write 

G{i,fi) := StabG(V'/3)- 
By Proposition 2.3 in [3], the stabiUzer G(V'/3) is the preimage of the centralizer 
C'Gj4 under the reduction mod p map. 

By definition, an irreducible representation tt of G is cuspidal iff none of its 1- 
dimensional twists tt (X> x o det has any non-zero vectors fixed under any group C/^ j 
or C/a^2* , or equivalently (by Frobenius reciprocity) , if tt (g) x o det does not contain 
the trivial representation 1 when restricted to Ui^j or IJ\^2^- The groups Vi^j are 
analogs of unipotent radicals of (proper) maximal parabolic subgroups of G, and 
U\<^i'^ are the infinitesimal analogs of unipotent radicals (cf. [Ij, Sect. 3). Note 
that since Ind^. _\ = Ind^. _[\®x° det) — (Ind^. _\)®x° det, for any character 
X : O2 ^ C^, a representation is a subrepresentation of a geometrically induced 
representation if and only if all its one-dimensional twists are. 

In our situation, that is, for n — A, and k — 2, there are three distinct geo- 
metric stabilizers, -Pi, 3, ^2,2, and P^^i with "unipotent radicals" C/1,3, J72,2, and 
Us^i, respectively. Thus a representation is a subrepresentation of a geometri- 
cally induced representation if and only if it is a component of Ind^ 1 , for some 
ihj) S {(1) 3), (2, 2), (3, 1)}. Furthermore, there are three partitions, written in 
descending order, which embed in 2** and give rise to non-trivial infinitesimal in- 
duction functors, namely 

(2,1^), (2^,12), (2^1). 

Thus a representation is a subrepresentation of an infinitesimally induced represen- 
tation if and only if it is a component of Ind^^^^^ 1, for some partition A as above. 
Because of the inclusions 

C^(2,13)-^2'1 C 1/(22,12)^24 C ?7(23, 1)^2^1, 

an irreducible representation of G is a component of an infinitesimally induced 
representation if and only if it is a component of Ind^^^ iSj^a* 

Lemma 1.1. Suppose that it is an irreducible representation of G whose orbit con- 
tains either (3i or P2 ■ Then tt is not an irreducible component of any representation 
geometrically induced from Pi, 3 or ^3,1. Moreover, no 1-dimensional twist of n is 
an irreducible component of an infinitesimally induced representation. 

Proof. If TT were a component of Ind^^ ^ 1, then {tt\ui_3, 1) 7^ in particular 

{'^\KinUi,3, 1) 7^ 0, which implies that ttIki contains a character tpb, where b = (bij) 
is a matrix such that bn — for i = 2,3,4. This means that the characteristic 
polynomial of b would have a linear factor, which contradicts the hypothesis. The 
case of C/3,1 is treated in exactly the same way, except that the matrix 6 will have 
b4j — for j — 1,2,3. The case of infinitesimal induction is treated using the 
same kind of argument. Namely, if tt were a component of Ind^ ^1, then 

^(2,13)^2* C Ki and (ttIc/^^ i3)^2<i ' ■'■) ^ '^^ich implies that ttIki contains a 
character %pb, where 6 = {bij) is a matrix such that bij = for j = 1, . . . , 4. A 1- 
dimensional twist of tt would then contain a character -tpai+b, where a is a scalar and 
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/ is the identity matrix. The matrix al + b has a Unear factor in its characteristic 
polynomial, which contradicts the hypothesis. □ 

We now consider in order representations whose orbits contain /?i or (32, respec- 
tively. In the following we will write P2,2 and C/2,2 for the images mod p of the 
groups ^2,2 and C/2^2, respectively. 

2. The regular cuspidal representations 

Assume that ir is an irreducible representation of G whose orbit contains (3i. 
Since (3i is a regular element, the representation n can be constructed expHcitly as 
an induced representation (cf. [3j). In particular, it is shown in |3] that there exists 
a 1-dimensional representation p of G{ipp-^ ) (uniquely determined by tt) such that 
p\ki — V'/Si) and such that 

^ = Indg(^^^)p. 

Proposition 2.1. The representation tt is cuspidal if and only if p does not contain 
the trivial representation of G{ipp-^) 1/2,2 ■ 

Proof. Lemma 11.11 shows that tt is cuspidal if and only if it is not a component of 
Ind^2 2 1. By Mackey's intertwining number theorem (cf. [2], 44.5), we have 

(7r,Indg^_^ 1) = (Indg(^^^)P,Indg^^ 1) = ^ (plG(^^Jn-C/2,2 > 1). 

SO this number is zero if and only if {p\G(^0^)n''U2 2' -*-) ~ ^ ^'^^ each a; G G. Assume 
that TT is cuspidal. Then in particular, taking a; = 1, we have {p\G{rpp^)nU2 2''^) ^ ^■ 
Conversely, assume that tt is not cuspidal. Then {p\G(ipi3-^)n^U2 2^'^) 7^ 0, for 
some X S G, and in particular, {p\Kin^U2,2^ -*-) ~ ("0/31 Ikih ="(72,2: 1) 7^ 0- Write x for 
X modulo p. Now V'/Si |Kin-(72,2 = "^ft 0(72,2)! and i^pA^'g) = ^x-^p^xig), for any 
g G i^i n c/2,2- Let x~^(3ix be represented by the matrix 

Mil ^12\ 

^21 ^22 ) ' 

where each Aij is a 2 x 2-block. Then from the definition of 'ipx-^Pix and the 
condition '\li^~i(3^x{g) = 1, for all g e KiC\ C/2,2, it follows that A21 = 0; thus 

X~'^(3iX e P2,2- 

Since x'^^Pix is a block upper-triangular matrix with the same characteristic poly- 
nomial as /3i, we must have An = Bir/B^^ , A22 = B2riB2^ , for some -81,-62 £ 
GL2(Fq). Then there exists p G P2,2 such that 

{xpr'(3,ixp)^(j^ 

for some B e M2(¥q) (in fact, we can take P — y q q-i j )■ Levi decomposition of 
Pi and {xp)~^ l3i{xp) implies that the semisimple parts {xp)~^ (0 rl) i^P) and (0 
are equal, that is, xp G Ggj4((o ")) ~ GL2(Fg2). Now, in GL2(Fg2), the equation 
{xp)~^ l3i{xp) = ( 77 ) implies that xp G (0 *) ^ ^2,2, so x G ^2,2, and hence 
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X G KiP2^2- The facts that C/2,2 is normal in P2,2, and that (p|G(i/)^Jn^(72 2' 1) 
depends on the right coset of x modulo Ki then imply that 

7^ (p|G(jA^Jn-(72,2; 1) = (p|G(V3i)nC/2,2; !)• 

□ 

The preceding proposition shows that we can construct all the cuspidal rep- 
resentations of G with orbit containing /?i by constructing the corresponding p 
on G(V'/3i)- Since i/i/ji is trivial on Ki n C/2,2, we can extend i/'/Si to a character of 
(G(V'/3i)nC/2,2)J'^i, trivial on G(V';3i)nC/2,2. Then -0/31 can be extended to a character 
■0/31 on the whole of G{'ipp^), such that -0/3^ is trivial on G{'ipi3^) fl U2.2 (this inci- 
dentally shows that there exist irreducible non-cuspidal representations of G whose 
orbit contains fix). Now let 6* be a representation of G(0^J obtained by pulling 
back a representation of G{^pj3^)/Ki that is non-trivial on (G(V'/3i) H U2.2)Ki/Ki. 
Then p :— 9 ® 0/3^ is non-trivial on G{'ipi3^) fl C/2^2, and all such representations are 
obtained for some 9 as above. 

Proposition 12.11 shows that there is a canonical 1-1 correspondence between 
irreducible representations of G(0/3i) which contain V/Si and are non-trivial on 
G(0^i) n C/2,2, and cuspidal representations of G with fii in their respective or- 
bits. We shall now extend this result to cuspidal representations which have (52 in 
their respective orbits, and thus cover all cuspidal representations of G. 

3. The irregular cuspidal representations 

Assume now that tt is an irreducible representation of G whose orbit contains 
f32- Although /?2 is not regular, it is strongly semisimple in the sense of |4], Defini- 
tion 3.1, and thus tt can be constructed explicitly in a way similar to the regular 
case. More precisely. Proposition 3.3 in [4] implies that there exists an irreducible 
representation i/j^^ of G{ipf32), such that "0/32 1^^1 = V'ftj and any extension of ipp^ 
to G{'ipf32) is of the form p ■= 9 ® 0/32, for some irreducible representation 9 pulled 
back from a representation of G{ipi32)/ Ki. Then 

is an irreducible representation, any representation of G with /?2 in its orbit is of 
this form, and as in the regular case, p is uniquely determined by tt. We then have 
a result completely analogous to the previous proposition: 

Proposition 3.1. The representation tt is cuspidal if and only if p does not contain 
the trivial representation of G{ipp2) ^ C^2,2- 

Proof. The proof of Proposition 12.11 with (3i replaced by P2, goes through up 
to the point where (under the assumption that tt is not cuspidal) we get xp € 
CG,A{a°)) = G(0/32)/^i. It then follows that x G G(#2)-P2,2, and since C/2,2 is 
normal in ^2,2, and (p|G(i/>32)n="f72 21 1) only depends on the right coset of x modulo 
G(0/32), we get 

7^ (p|G(V/32)n";72,2' 1) = (plG(V32)nC/2,2' !)• 

□ 
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